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1. INTRODUCTION 
This is intended to be an addendum to the preceding article in these 
Advances by Gelfand and MacPherson [3]. We will use their terminology 
and conventions. 
In particular, we will improve upon Theorem 1.2.4 [3] and the results of 
the author [2] on the vanishing of the restriction of the Pontrjagin character 
form Pr = Ph, to an orbit of the Cartan subgroup H of PGL(n + m) on the 
Grassmann manifold Gy. 
THEOREM. If 1, m, and n satisfy 
4t- (n + m - 1) < 41/(1 + 2(min{m, n))) (1) 
then the Pontrjagin character forms of degree 41 vanish when restricted to an 
H orbit on Gr. 
The left side of (1) is the difference of the degree of the form and the 
dimension of the orbit. Thus the theorem may be interpreted as saying that 
vanishing occurs when the degree of the form is not too much greater than 
the degree of the orbit. We note that the inequality (1) is not sharp: It was 
proven in [2] that vanishing holds for n or m = 2 and 4f< nm. Also, 
Gelfand and MacPherson have shown by direct calculation that vanishing 
holds for I= 3, m = 8, and n = 3 [3, 4.4.31. 
The vanishing theorem above is stronger than the previous results in the 
following sense. The generalized dilogarithm forms P: of Gelfand and 
MacPherson are of particular interest when 41= n + m, i.e., when the forms 
are of the degree one. In this case, if the forms are non-zero they may be 
integrated to obtain an interesting function generalizing the dilogarithm (see 
[3, 0.31). Our theorem shows that the only generalized dilogarithm forms Pf 
with 41= n + m which may be non-zero are the forms Pzf. If this were 
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indeed true, then the theorem above would show that Iji: was both leading 
and coleading. 
The general vanishing question for 41> n + m - 1 presents a difftcult 
combinatorial problem. Our proof avoids this and the direct computations of 
[3] by reducing the theorem to an application of the theorem of Amitsur and 
Levitski on the vanishing of the standard polynomial for matrix rings (see 
Section 2). The original direct proofs of this theorem were complicated 
combinatorial arguments. Recent proofs of this theorem have been simplified 
considerably (see [5]). At the moment, we know of no direct relationship 
between the proof of Kostant [4] using Dynkin’s work on primitive 
generators for the cohomology of the Lie algebra gl(n, IR) and any of the 
known vanishing theorems. 
Remark. We have also shown that the Pontrjagin character forms Ph, 
satisfy 
(-l)[ ((21)!/(27r)*‘) Ph, = T, 
for r, the term of degree 41 in the Pontrjagin character of the tautological 
bundle over Gy. This answers the question raised in [3, 3.2.51. 
For a discussion of previous vanishing results and of the geometry of the 
Cartan subgroup orbits, including the important related result of Atiyah [ 1, 
Theorem 41, the reader is advised to see [3]. 
2. THE THEOREM OF AMITSUR AND LEVITSKI 
Before proceeding with the proof of the main theorem, we recall the 
theorem of Amitsur and Levitski. The standard polynomial of degree k in k 
noncommuting indeterminates X, ,..., X, is 
where the sum is taken over all 7r E S,, the symmetric group on k letters. 
The standard polynomial is denoted by [X,X, ... X,]. Now let C be any 
commutative ring and let M,,(C) denote the ring of n x n matrices with 
entries in C. Then we have 
THEOREM (Amitsur-Levitski). [M, ... M,,] = 0 for any M, ,..., M,, E 
M,(C)* 
The identity [M, . . . M2n] = 0 is called the standard identity of degree 2n. 
We note that one can easily show that the standard polynomial of degree 
k < 2n is not identically zero on M,(C) [5, p. 221. 
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3. THE VANISHING THEOREM 
We recall that in graph coordinates in a neighborhood of a point c E Gt, 
Gelfand and MacPherson [3, 3.2.11 define the Pontrjagin character form Ph, 
by 
Ph,( ‘M,..., 41M) 
=ALT ‘M;;;; zM/‘:;] 3Mi’:f; . . . 41- ‘Mi’:;;; 4lMj”) 
it20 (2) 
for ‘M,..., 4’ME T,Gz. For our purposes, we note that the definition (2) is 
the same as 
Ph,( ‘M,..., 4’M) = trace ALT ‘M2Mr . . . 4’-‘M4’Mt, (3) 
where M’ denotes the transpose of the matrix M. 
Following Gelfand and MacPherson [3,3.3.2] one can show that the 
matrices uM = ‘W/v’ (matrix multiplication), 1 < i, j Q n + m, span T, Gr. 
From [3,3.3.2] we have that “‘M, 1 < i Q n + m - 1, span T,H,. Thus to 
prove the vanishing result it suffices to evaluate Ph, on 41 matrices uM with 
n + m - 1 pairs satisfying i = j. The idea of the proof is to replace (3) by the 
trace of a sum of products of m x m matrices (if m Q n). Then we partition 
this sum according to the occurrence of the indices ij with i # j into subsets 
of (2m)! summands. It will then follow from the theorem of Amitsur and 
Levitski that the sum of the terms in each subset of the partition vanishes. 
Proof. We will assume without loss of generality that m Q n. To simplify 
our notation we will write k for the ordered pair i(k), j(k), 1 < k < 41. 
Using Eq. (3), we have 
Ph,( ‘M,..., 4’M) 
= trace ALT(“l) W’(l) vt)(i(2) W/(2) vt)l . . . (i(41) wj(41) vt)t 
= ALT(/(l) v. i(2)v)(i(2) w . f(3) w) . . . (/Cdl- 1) v. j(41) v> 
x( 
1(40 w . i(l) 
w)9 
(4) 
(5) 
where . denotes the usual inner product on R” or I?‘“. 
Applying the identity ‘V . ‘V= 8: - i W . ‘W (6 is the Kronecker delta 
function) we have 
ALT(@;;,‘-/(l)W. 1(2)u3(1(2)W. ((3)W) . . . 
(ph;- 1) _ 1(41- 1)~. A40 v(t(40 w . i(l) w>. (6) 
If j(z(k)) = j(n(k + l)), let X(k) m E R” be chosen so that i(n(k)) r * 
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%~+l)) W = 1. Then each summand of (6) can be rewritten using the vector 
@, replacing the factors 
(p(k)) _ An(k)) 
j(n(k+ 1)) 
we j(n(ktl))w 
j(n(w W. ih(k+ 1)) w- i( W. jh(k+ 1)) w. 
We can now pass to the trace of a sum of products of m x m matrices, 
reversing the step going from (4) to (5). The form is a sum of terms 
trace sgn(n)((j(n(l))@- h(l)) w An(*)) wt)( i(rr(2)) w i(ff(3)) wt > . . , 
x( 
i(n(41)) w i(n(1)) wt 
>* (7) 
The partition of the group S,, will be given in two steps. First partition S,, 
into subsets u according to the placement of the matrices kM with i(k) #j(k) 
in the terms of (3) indexed by rr. That is, rr and rc’ E S,, are in the same 
subset if and only if z(k) = x’(k) for all k with i(k) #j(k). The hypothesis 
ensures that for each subset rr, there exists a sequence of 2m + 1 factors 
R(P)M ,a-., n(p+*m)M with i(rc(p + q)) = j(r(p + q)), 0 <q < 2m. Fix such a 
subsequence p,..., p + 2m for each subset O, p =p,. 
The sets u can be further partitioned into sets u’ consisting of (2m)! terms. 
We distinguish the cases p =p, odd and p =p, even. If p =p, is even, then 
7~,‘z’~u’ifandonlyifrr(k)=rr’(k)for l<k<pandp+2m+l,<k<41. 
Ifp=p,isodd,thenz,rr’Eu’ifandonlyifz(k)=rc’(k)for l<k<p-1 
and p + 2m < k ,< 41. Henceforth, we consider only p =p, even, the case 
p = p, odd proceeds analogously. 
Let rr E u’. From the above argument it follows that (7) is of the form 
trace sgn(n)(A n(p+ “N ... n(P+Zm)NB), 
where A and B are m x m matrices which depend only on u’ and 
n(p+q)~=i(rr(p+q))wj(n(ptq))wf 
= i(n(p+q))wi(n(p+q))wt for 1 < q < 2m. 
Then 
trace x sgn d rr(pt ‘)N . . . s(pt2m)NB 
IIEU’ 
for a fured rr E u’ where the middle factor is the standard polynomial of 
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degree 2m. By the theorem of Amitsur and Levitski this is zero and the form 
vanishes. Q.E.D. 
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